THE HIGHER-DIMENSIONAL AMENABILITY OF TENSOR 
PRODUCTS OF BANACH ALGEBRAS 



ZINAIDA A. LYKOVA 

Abstract. We investigate the higher-dimensional amenabiUty of tensor products 
B oi Banach algebras A and B. We prove that the weak bidimension db^ of 
the tensor product A^Boi Banach algebras A and B with bounded approximate 
identities satisfies 

dbwA ®B = db^A + db^B. 
We show that it cannot be extended to arbitrary Banach algebras. For example, 
for a biflat Banach algebra A which has a left or right, but not two-sided, bounded 
approximate identity, we have db^A ® A<1 and db^A + db^^A = 2. We describe 
explicitly the continuous Hochschild cohomology 7i"(^ ® B, {X ® Y)*) and the 
cyclic cohomology Ti,C"{A®B) of certain tensor products A<8B of Banach algebras 
A and B with bounded approximate identities; here {X®Y)* is the dual bimodule 
of the tensor product of essential Banach bimodulcs X and Y over A and B 
respectively. 
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1. INTRODUCTION 

Hochschild cohomology groups of Banach and C* algebras play an important role 
in i^-theory [7j and in noncommutative geometry [B] . However, it is very difficult to 
describe explicitly non-trivial higher-dimensional cohomology for Banach algebras. 
In this paper we consider Hochschild cohomology groups of tensor products B 
of Banach algebras A and B with bounded approximate identities. 

A Banach algebra A such that T-l^{A,X*) = {0} for all Banach ^-bimodules X 
is called amenable [16]. B. E. Johnson proved in [161 Proposition 5.4] that A§) B 
is amenable if the Banach algebras A and B are amenable. We determine relations 
between the higher-dimensional amenability of Banach algebras A and B, and the 
higher-dimensional amenability of their tensor product algebra A§) B. Virtual di- 
agonals and higher-dimensional amenability of Banach algebras were investigated in 
a paper of E.G. Effros and A. Kishimoto [lOj for unital algebras and in papers of 
A.L.T. Paterson and R.R. Smith [231 [21] in the non-unital case. Recall that, for any 
n > 1, a Banach algebra A is called n-amenable if the continuous Hochschild coho- 
mology T-C"'{A, X*) = {0} for every Banach ^-bimodule X. The weak bidimension 
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of a Banach algebra A is 

db^A = inf {n : W+^A, X*) = {0} for all Banach Abimodule X} 

(see [26]). It is clear that a Banach algebra A is ra-amenable if and only if dbwA = 
n — 1, and that A is amenable if and only if db^A = 0. 

In 1996 Yu. Selivanov announced in Remark 4 [27J without proof that the weak 
bidimension db^ of the tensor product A ^ B of Banach algebras A and B with 
bounded approximate identities satisfies 

db^A ®B = dhujA + dbyjB. 

In 2002 he gave in [28^, Theorem 4.6.8] a proof of the formula in the particular 
case of algebras with identities, and his proof depends heavily on the existence 
of identities. In Theorem 14.141 of this paper we prove that the formula is correct 
for algebras with bounded approximate identities (b.a.i.). We show further that 
the formula does not hold for algebras with only 1-sided b.a.i., nor for algebras no 
b.a.i. To this end we need to develop homological tools for algebras with bounded 
approximate identities and flat essential modules. The well-known trick adjoining 
of an identity to the algebra does not work for the tensor product of algebras. 
The homological properties of the tensor product algebras A®B and A+®Bj^ are 
different; here A-\. is the Banach algebra obtained by adjoining an identity to A. 
In Theorem 14.151 we show that, for a bifiat Banach algebra A which has a left or 
right, but not two-sided, bounded approximate identity, we have dbwA®A < 1 and 
dbwA+ ® A+ = 2dbwA = 2. For example, for the algebra /C(£2 ® of compact 
operators on £2 ® £2 and any integer n > 1, 

rf6»[/C(£2 §^2)]®" < 1 and rf6^[/C(£2 ® ^2)+]®" = n. 

We prove that, for the tensor product ^ (8> i3 of Banach algebras A and B with 
bounded approximate identities, for the tensor product X §)Y of essential Banach 
bimodules X and Y over A and B respectively and for n > 0, up to topological 
isomorphism, 

n^'iA 0B,iX0 ¥)*) = /f"((C^(^, X) § C4B, Y))*), 

where C^{A,X) and C^{B,Y) are the standard homological chain complexes. 

We describe explicitly the continuous Hochschild cohomology 
W^iA ® C, (X ® Y)*) and the cyclic cohomology 7^C"(^ ® C) of certain tensor 
products of Banach algebras. For example, in Corollary 15.61 we prove that, for an 
amenable Banach algebra C, 

K''{L\Rl)®C, iL\Rl) § cy) ^ 0^"'' [L\Rl) § {C/[C,C])T 

ifn < k. In Corollary 15. 9l we show that all continuous cyclic type cohomology groups 
are trivial for a Banach algebra V belonging to one of the following classes: 

(i) "D = £^(Z^) ® C, where C is a C*-algebra without non-zero bounded traces; or 

(ii) V = L^(R^) ® C, where C is a C*-algebra without non-zero bounded traces. 
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2. DEFINITIONS AND NOTATION 

We recall some notation and terminology used in homological theory. These can 
be found in any textbook on homological algebra, for instance, MacLane [21] for the 
pure algebraic case and Helemskii |13] for the continuous case. 

For a Banach algebra A, let X be a Banach v4-bimodule and let be a subset of 
A. Then 5*^ is defined to be the linear span of the set {ai ■ a2 ■ ai, 02 G 5}, SX is 
the linear span of the set {a ■ x : a G S, x G X} and SX is the closure of SX in 
X. Expressions like XS and SXS have similar meanings. A Banach ^-bimodule X 
is called essential if X = AX A. Let J be a closed two-sided ideal with a bounded 
approximate identity; then, by an extension of the Cohen factorization theorem, 
IX = {b ■ X : b E I, X & X}. These facts may be found in [15], Hj; see also [T6l 
Proposition 1.8] and [221 Theorem 5.2.2]. 

The category of Banach spaces and continuous linear operators is denoted by Ban. 
For a Banach algebra A, the category of left [essential] {unital} Banach ^-modules is 
denoted by ^-mod [^-essmod] {^-unmod}, the category of right [essential] {unital} 
Banach ^-modules is denoted by mod-^ [essmod-^] {unmod-^} and the category 
of [essential] {unital} Banach ^-bimodules is denoted by ^-mod-^ [^-essmod-w4] 
{^-unmod-^}. 

For a Banach space E, we will denote by E* the dual space of E. In the case 
of Banach algebras A, for a Banach ^-bimodule X, X* is the Banach ^-bimodule 
dual to X with the module multiplications given by 

(a ■ f){x) = f{x ■ a), (/ ■ a){x) = f{a ■ x) {a e A, f e X*, x G X). 

A chain complex X in Ban is a family of Banach spaces X^ and continuous linear 
maps dn (called boundary maps) 

dn-2 ^ d„-l dn ^ dn + 1 ^ 

■ ■ ■ ^ < < * * " " " 

such that Imdn C Ker dn-i- The subspace Imdn of X„ is denoted by Bn{X) and 
its elements are called boundaries. The Banach subspace Ker dn-i of Xn is denoted 
by Zn{X) and its elements are cycles. The homology groups of X are defined by 
Hn{X) = Zn{X) / Bn{X). As usual, we will often drop the subscript n of dn. If there 
is a need to distinguish between various boundary maps on various chain complexes, 
we will use subscripts, that is, we will denote the boundary maps on X hy dx. A 
chain complex X is called bounded if X„ = {0} whenever n is less than a certain 
fixed integer A G Z. 

Let /C be one of the above categories of Banach ^-modules and morphisms. For 
A, y G /C, the Banach space of morphisms from A to F is denoted by h](i{X.,Y). 
We shall abbreviate /i^-mod to /i^ and /i^-mod-^ to a^a- 

A complex of Banach ^-modules and morphisms is called admissible if it splits 
as a complex of Banach spaces [B, III. 3. 11]. A complex of Banach ^-modules and 
morphisms is called weakly admissible if its dual complex splits as a complex of 
Banach spaces [T^ III. 3. 11]. 
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A module P G /C is called projective in fC if, for each module Y E K, and each 
epimorphism of modules G hic{Y, P) such that ip has a right inverse as a morphism 
of Banach spaces, there exists a right inverse morphism of Banach modules from JC. 

For F G /C, a complex 

o^Y ^ P2< (0 ^ r ^ (p, </))) 

is called a projective resolution ofY in IC if it is admissible and all the modules in 
V are projective in K. Definition III. 2.1]. 

We shall denote the nth cohomology of the complex hjc{V,X) where X G /C by 
Ext]^ {Y,X). We shall abbreviate Ext^.j^o^ to Ext^ and ^x.f^-mod-A *o Ext^e. 

Further ® is the projective tensor product of Banach spaces [5], [TU II.4.1], ®_4 
is the projective tensor product of left and right Banach ^-modules, ®a-a is the 
projective tensor product of Banach ^-bimodules (see [25j). Note that by X®*^ ® Y 
we mean Y, by X®^ we mean X and by X®" we mean the n-fold projective tensor 
power X § ■ ■ ■ § X of X. 

For any Banach algebra A, not necessarily unital, is the Banach algebra 
obtained by adjoining an identity to A. For a Banach algebra A, the algebra A'^ = 
A+^Af is called the enveloping algebra of A, where A°^ is the opposite algebra of 
A+ with multiplication a ■ b = ba. 

A module Y G ^-mod is called flat if for any admissible complex X of right 
Banach ^-modules the complex X^^Y is exact. A module Y G ^-mod-^ is called 
flat if for any admissible complex X of Banach ^-bimodules the complex X^^eY 
is exact. 

For X G /C, a complex 

^ X ^ go ^ Qi ^ Q2 ^ . . . (0 ^ X ^ (Q, 0)) 

is called a pseudo-resolution of X in JC if it is weakly admissible, and a /?at pseudo- 
resolution of X in K, if, in addition, all the modules in Q are flat in JC. 

For X G mod-^ and Y G ^-mod, we shall denote by Tor;^(X, Y) the nth homology 
of the complex X V, where (0 ^ F ^ "P) is a projective resolution in ^-mod, 
[T¥l Definition III. 4. 23]. For X, F G ^-mod-^, the Tor-spaces are defined by using 
the standard identifications ^-mod-^ = ^^-unmod = unmod-^'^. 

Throughout the paper Ix : X — >• X denotes the identity operator and = denotes 
an isomorphism of Banach spaces. Given a Banach space E and a chain complex 
{X, d) in i3an, we can form the chain complex E ® X oi the Banach spaces E ® X„ 
and boundary maps 1e® d. 

We recall the definition of the tensor product X®y oi bounded complexes X and 
y in Ban which can be found in [14^ Definitions II. 5. 25]. 

Definition 2.1. Let X , y be chain complexes in Ban: 

^ Xo ^ Xi ^ X2 ^ X3 < 

and 

ot^Yo^Y,^Y,^Y,< . 
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The tensor product X y of bounded complexes X and y in Ban is the chain 
complex 

(2.1) Qt^^x®y),^{x®y),J^{x®y),^{x%y)^^ , 

where 

{x®y)n = x„ g 

m+q=n 

and 

X G Xrn, y &Yq and m + q = n. 

For Banach spaces E and F, let ^{E,F) be the Banach space of all continuous 
linear operators from E to F. 

3. PSEUDO-RESOLUTIONS IN CATEGORIES OF BANACH 

MODULES 

Lemma 3.1. Let 

/Q 1 \ rfn — 2 d„ — l dn -y dn + 1 

[O.i) ■ ■ ■ < A„_i < A„ < ^ ^ " " • 

be a weakly admissible complex of Banach spaces and continuous linear operators. 
Then, for every Banach space Y , the sequence 

(3.2) . . . < Y®Xn-l < Y0Xn < Y®Xn+l < Y®Xn+2 < " " " 

is weakly admissible. 

Proof. By assumption the complex (13.11) is weakly admissible. Therefore, for every 
n, there is a bounded linear operator 

„ . Y* , Y* 

such that d*^_^ o Sn-i + s„ o d* = Ix*, where 

Further we will use the well-known isomorphism [TU Theorem 2.2.17] 

^(r,X:)^(FgX„)*:0^$^ 
where ® x) = [(f){y)]{x); y eY,x E X„ and 

(rgx„)*^^(r,x:):/^</); 

where [(j)f{y)]{x) = f{y ® x); y E Y,x e X„. One can see that, for / G (F®X„)*, 
we have the following 0j G ^{Y,X*), s„,_i o 0^ g ^(Y, X*_^) and $s„_io0^ £ 
(F®X„_i)*. We define a map 

7„_i : (r§X„)* ^ (rgX„_i)* 
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by 7„_i(/) = ^sn-io<j>f for / G It is easy to see that 7„_i is a continuous 

linear operator. One can check that 

7„ O (ly O dn)* + (ly ® Cin-l)* O 7n-l = 1(^y§)X„)*^ 

where 

(3.3) ■ ■ ■ (Fgx.-i)* (rgx.)* ^ • • • 

The result follows. □ 
We shall denote jn-i from the previous lemma by 7(s,x„,y)- 
Lemma 3.2. Le^ 

/•„,-, (in— 2 „ dn— 1 -i^ -t^ dn+l -y 

[O.^) ■ ■ ■ < < A„ < < ^ • • • 

be a weakly admissible complex of Banach spaces and continuous operators. Then, 
for Banach spaces Y and Z and a bounded linear operator 5 :Y ^ Z, the following 
diagram 
(3.5) 

... '^-i^^'-' {z%x^-,y {z^x^r iz^x^^^r ... 

is commutative. 

Proof. We shall show that for every / G (Z®X„)*, 

® lx„_J* o 7(s,x„,z) = 7(s,x„,y) o (5 ® IxJ*- 
We shall use notations from the previous lemma. Note that for every x G X^-i, 

yev, 

[MSy)]{x)^f{5y^x) 

and 

[<pMsmx^_,)iy)]i^) = / o (5 (8) lx„_J{y ® x) = f{5y ® x). 
Thus, for all y G 

ihi^y)] = [</'/°(5®ix„_i)](y) 

and 

o (j)f]{6y) = [sn-i o (pfo(smx„_,}]iy) = K-i o )*/](?/) • 

Therefore 

[{S (8) lx„_J* o 7(.,x„,z) (/)](?/ 2:) = [7(.,x„,z)(/)]((5y ® 2;) 
= ^s„-io^fiSy (g) x) = o (f)f]{5y){x) 

b{s,X„,Y) ° ® IxJ* (/)](!/ ® X) = $.„_io(5®lx„ )*(/)(?/ ^) 

= o (f)(s^i^^_^)*f{y)]{x) = o (f)f]{Sy){x). 

□ 



and 
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Proposition 3.3. Suppose that complexes of Banach spaces and continuous linear 
operators 

< — X ^ — ... {Q^X ^ X) 

and 

< — Y ^Yq^Yi^Y2< — ... {Q^Y ^y) 

are weakly admissible. Then the complex ^ X®Y ? X®y is also weakly ad- 
missible. 

Proof. By assumption the complexes X *^ X and y 3^ are weakly 
admissible. Therefore, for every n, there is a bounded linear operator 

such that 

C-i ° Sn^i + Sn o < = Ix*, o + So o = 1^* and s_i oel = Ix*- 
Similarly, for every n, there is a bounded linear operator 

-I- . 'y* , 

■ n+1 ^ n ' 

such that 

d*n-i o tn-1 + tn°d*n = ly„* , £*2 ° t-1 + to o d*^ = ly* and t_i o = ly*. 
Let us show that the complex 

^ x®r iX0y)o ^ (x^y), ^ (^"^3^)2 ^ . . . 

is weakly admissible too. Recall that 

m+q=n 

and for each x ®y & Xm ® V'g, 

5n(x O y) = rfm-i(x) O y + ® dq-i{y). 

By virtue of Lemma [3. for Y and Yp, p > 0, the sequence 

— ^ (X®Fp)* — ^ (Xo^YpY — > (Xi^YpY — I (X2®Fp)* ■ • • 
splits as a complex of Banach spaces, so that there exist bounded linear operators 

7(,,x„,y,) : (Xn^Yp)* (Xn-i^Yp)* 

such that 

7{s,x„+i,Yp) ° {dn ® lyj* + {dn~i ® lyj* o 7(s,x„,y^) = l(x„®yp)* 
(3.6) (ei (g) lyj* o 7(,,Xo,yp) + 7(s,Xi,yp) o (^o ® lyj* = l(Xo®yp)- and 

7{s,Xo,Yp) ° (^1 ® ^Y^y = l(x®yp)*- 
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Similarly, by virtue of Lemma \3A\ for X and Xp, p > 0, the sequence 

— > {Xp(S)Yy ^ (Xp®Fo) ^ ^ (Xp®>"2) • ■ • 

splits as a complex of Banacli spaces, so that there exist bounded linear operators 

such that 

l(t,Xp,Yn+i) ° (Ixp ® dn)* + (Ixp ® (in-i)* o 7(t,Xp,y„) = 

(3.7) {Ixp ® £2)* o 7(s,Xp,yo) + %,Xp,Yi) ° (I^p ® ^0)* = and 

7{s,Xp,yo) ° (Ixp ® ^2)* = l(Xp^y)*- 

Consider the two morphisms l(^;^^y^* and (^i ® 1^^)* o 7(s,Xo,y) of the complex 
{Xi^yy. Here (ei (g) ly)* o 7(s_Xo,y) is trivial on (X^ ® 1^)* for m > 1 and equal 
to {ei ® Ivp)* ° l{s,Xo,Yp) ("^0 ® Yp)*. By virtue of Lemma [3^ and equalities 13.61 
7(s,A:',y) which is equal to 7(s,Xp,y„) 011 (Xp(8>F„)* is a homotopy between l(^p^.^yy and 
(ei ® iy)* °lis,Xo,y), so 

Similarly, by virtue of Lemma 13.21 and equalities 13.71 ^{t,x,y) which is equal to 

7it,Xp,Yu) on {Xp § F„)* is a homotopy between l(^x§,y)* and (l^- ® £2)* o 7(i,A',yo)' 
so 

Here {Ix ® £2)* o 7{t,A',yo) is trivial on {Xm ® ^g)* for g > 1 and equal to ® 
^2)* ° 7{t,x„,yo) '^^ i-^rn ® ^0)*. Therefore, by [2T|, Proposition II. 2. 3], there exists a 
product homotopy 

7(t,A',y) + l{s,x,y) o (Ia' ® £^2)* o 7(t,A',yo) 

between morphisms l(^x§,y)* and (51 (g) I3;)* o 7(s,Xo,y) o (Ia- ® £2)* o 7(4,^,^0) of the 
complex {X^yy. One can check that 

(ei (g) I3;)* o 7(s,Xo,y) o (1a ® £2)* o 7(t,A',yo) 

is trivial on (A"®}^)* for n > 1 and equal to {ei (g £2)* ° 7(s,Xo,y) ° l{t,Xo,Yo) on 
(Xo(g)yo)*. Note that 

l{s,Xo,Y) o 7(t,Xo,yo) ° (^1 ® ^2)* = l(x^y).. 

Thus the dual complex {X®Y)* ^^l^f^^ (X^y)* splits as a complex of Banach 
spaces. □ 

The following lemma is essentially f2U{ Lemma 3.6]. 
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Lemma 3.4. Let A be a Banach algebra and let I be a closed two-sided ideal of A+. 
Suppose that one of the following conditions is satisfied: 

(i) I is fiat in ^-mod and has a left bounded approximate identity {ea)a€A; 

(ii) / is flat in mod-^ and has a right bounded approximate identity {ea)aeAi 

(iii) I has a bounded approximate identity {ea)a€A- 
Then the sequence 

(3.8) O^I^im^ . . . ^ /§(«+3) ^ . . . , 

where e^Bq hi) = b^bi and 

n+l 

dn{bo ® &i ® 62 ® ■ ■ ■ ® hn+2) = ^(-l)*(6o ® 61 ® ■ ■ ■ ® bibi+i O ■ • • ® bn+2), 

i=0 

is a pseudo-resolution of I in ^-essmod-^ such that all modules J®(")^ n >2, are 
flat in ^-mod-^. 

Proof. It is easy to check that dn-i o (i„ = for n > 1 and e o do = 0. Thus 
(13.81) is a complex. By [TT, Theorem VII. 1.5], / is strictly flat as a left and as a 
right Banach ^-module. Hence, by [Til Proposition VII. 2. 4], for any n > 2, the 
Banach ^-bimodule J*^" is flat in ^-mod-^. Note that is an essential Banach 
^-bimodule since / has a left or right bounded approximate identity. 

We consider the case when / is flat in ^-mod and has a left bounded approximate 
identity {ea)a(^A- Now we have to show that the dual complex 

yl*^ (Jg/)* ^ (/§/§/)* > . . . 

is admissible. 

Consider the Frechet filter F on A, with base {Q\ : A G A}, where Q\ = {a E A : 
a > A}. Thus 

F = {E C A: there is a A G A such that Qx C E}. 
Let U be an ultrafilter on A which refines F. One can find information on filters in 
i- 

Forn > -1 and / G (/®("+3))*, we define Qf G (J® ("+2))* by 
Qfiu) = lim /(e„ ® u) for all u G 
One can check the following: Qf is a. bounded linear functional, the operator 

Srr : (/§("+3))* ^ (/i("+2))* f ^ 

is a bounded linear operator, d^_^ o s„_i + s„ o rf* = id^j0(„+2)-^* for all n > 1 and 
e* o s_i + So o (ig = idf^j§)2Y- Thus (13.91) is admissible (see [HI III. 1.9]). Therefore, 
by definition, (13.81) is a pseudo-resolution of / in ^-essmod-^ such that all modules 
/®("), n > 2, are fiat in A-mod-A. □ 
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4. WEAK BIDIMENSION OF BANACH ALGEBRAS WITH 
BOUNDED APPROXIMATE IDENTITIES 

Let ^ be a Banach algebra and X be a Banach ^-bimodule. Let us recall the 
definition of the standard homological chain complex Cr^{A,X). For n > 0, let 
Cn{A, X) denote the projective tensor product X ^A'^^. The elements of Cn{A, X) 
are called n- chains. Let the differential '■ Cn+i Cn be given by 

dn{x ® ai® . . .® a„+i) = X ■ ai® . . .® a„+i 



O'n+l/ 



k=l 

\n+l/ 



+ (-l)"+'(a„+i ■ x(g)ai® ...0an) 

with d-i the null map. The space of boundaries Bn{C^{A, X)) = Im dn is denoted by 
Bn{A, X) and the space of cycles Zn{C^{A, X)) = Ker dn-i is denoted by Zn{A, X). 
The homology groups of this complex Hn{C^{A,X)) = Z„,{A, X) / Bn{A, X) are 
called the Hochschild homology groups of A with coefficients in X and denoted by 
nn{A,X) m Definition II.5.28]. 

The Hochschild cohomology groups T-C"'{A, X*) of the Banach algebra A with 
coefficients in the dual ^-bimodule X* are topologically isomorphic to the coho- 
mology groups H''{{C^{A,X))*) of the dual complex {C^{A,X)y, see [I6] and [H 
Definition 1.3.2 and Proposition II. 5. 27]. 

Let .4. be a Banach algebra with a bounded approximate identity {ea)a&A- We 
put Pn{A) = A® , n>0, and let d„ : Pn+i{A.) /3n{A) be given by 

n+l 

dn{ao ® . . . ® a„+2) = ^(-l)''(ao ® • • • ® flfcOfc+i ® . . . ® a„+2)- 

k=0 

By Lemma [3.41 the complex 

^ ^ ^ (3o{A) ^ (3M) ^ • ■ ■ ^ Pn{A) ^ (3n+M) ^ • • • , 

where vr : Po{A) ^ A : a ® b ab, is a fiat pseudo-resolution of the ^-bimodule A. 
We denote it hj ^ A ^ (3{A). 

Further we will need the following result of the author and M.C White. 

Proposition 4.1. [201 Proposition 5.2 (i)] Let A be a Banach algebra and let I be 
a closed two-sided ideal of A. Suppose that I has a bounded approximate identity. 
Then, for any Banach I-bimodule Z , 



Hnil, Z) = HniA, IZI) and Z*) = rC\A, (IZI)*) for all n>l. 

Remark 4.2. In Theorem \4.15\ we prove that the homological properties of the ten- 
sor product algebras A^B and are different. Thus in proofs of homological 
properties of A<^B one needs to avoid adjoining an identity to the algebra. On the 



other hand, the previous Proposition 4-1 shows that in the case of Banach algebras 



A with bounded approximate identities we can restrict ourselves to the category of 
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essential Banach modules in questions on dhw and X*). In the next proposi- 

tions we develop standard homological tools for infective and flat essential Banach 
modules without adjoining an identity to the algebra. We present results for one of 
the categories: A-mod, mod-A or A-mod-A; for the other categories similar results 
hold. 

Let ^ be a Banach algebra. Recall that, for X G ^-mod, the canonical morphism 

7r+ : A+0X X 

is defined by 

7r+(a ® x) = a ■ X (a G A+, x E X). 
By [T^ Chapter VII], X* G mod-^ is injective if and only if 

tt; : X* ^ {A+§xy 

is a coretraction in mod-v4, that is, there is a morphism in mod-v4 

C+ : {A+®xy ^ X* 

such that o TT*^ = Ix* . 

Proposition 4.3. Let A be a Banach algebra and let X be a left essential Banach 
A-module, that is, X = AX. Then X* G mod-^ is injective if and only if 

TT* : X* ^ {A®xy 

is a coretraction in mod-^, that is, there is a morphism in mod-^ 

C : {A®xy X* 

such that ( o IT* = Ix* ■ 

Proof. Consider the natural embedding 

i : A^X A+^X : a® X ^ a® X. 

Note that vr = 7r+ o z, thus -k* = i* o -k*_^. 

(=^) Suppose X* is injective in mod-^. Thus there exists a morphism in mod-.A 

C+ : {A+®xy ^ X* 

such that (,+ 71^ = Ix* ■ 
If / G Ker i*, then 

[/ ■a]{c®x) = f{ac ®x) = [i*{f)]{ac O x) = 0, 

for all a G c G A+, x G X. This implies that, for all / G Ker i* and a E A, 

[C+(/)] ■ a = Uf • «) = 0. 

Therefore, for all / G Ker i*, C+(/) is zero on X* = X*A. Thus there is a unique 
morphism of right ^-modules ( : (^^X)* — > X* such that Diagram ( 14. ID is com- 
mutative. 
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(4.1) ^' I C/ 

{A^xy 

One can check that ( o tt* = Ix*- 

(<^=) Suppose that there is a morphism in mod-^ 

C : {A^xy X* 

such that C o TT* = Ix*- Put C+ = C ° '^*- K is obvious that C+ is a morphism of right 
^-modules and o tt^ = ^ o -j* o tt^ = ^ o tt* = Ix* • □ 

Proposition 4.4. (i) Let A he a Banach algebra with a left [right] hounded ap- 
proximate identity (ea)aeA and let X he a left [right] essential Banach A-module. 
Then X* is injective in mod-^ [A-mod] if and only if X* is injective in essmod-^ 
/14-essmody. 

(ii) Let A he a Banach algehra with a hounded approximate identity {ea)a£A o,nd 
let X he an essential Banach A-himodule. Then X* is injective in ^-mod-^ if and 
only if X* is injective in ^-essmod-^. 

Proof, (i) It is obvious that the injectivity of X* in mod-^ imphes the injectivity of 
X* in essmod-^. 

Suppose that X* is injective in essmod-^. As in Lemma 13.41 one can define a 
bounded hnear operator 

a : {A®Xy ^X*:f^gf, 

where gf E X* is given by 

= hm /(cq x) for all x E X. 

One can check that a o vr* = Ix*. Therefore, by p3l Proposition III.1.14(ii)], there 
is a morphism of right Banach ^-modules 

C : {A®xy X* 

such that ( o TT* = Ix*- By Proposition 14.31 X* is injective in mod-^. 

A proof of Part (ii) is similar to the proof of Part (i). □ 

Proposition 4.5. Let A and B he Banach algehras, let X he an essential Banach 
A-himodule and let Y he an essential Banach B-himodule. Suppose X is flat in 
A-mod-A and Y is fiat in B-mod-B. Then X®Y is flat in A® i3-mod-^ ® B. 

Proof. For Banach spaces U and V we will use the well-known isomorphism 
Theorem 2.2.17] 

where (f){u ® f ) = [ip{u)]{v), u E U, v E V . 

As in [T^ Chapter VII], X is a flat left Banach ^®^°^-module with multiplication 

(ai C?) 02) ■ X = ai ■ x ■ a2 
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and X* G mod-^ ® is injective. By Proposition 14.31 since X is a left essential 
Banach A .A°^-module, there is a morphism in mod-^ ® 

Cx : {{A®A''p)®xy^x* 

such that Cx ° T^x — ^x* ■ Here the canonical morphism 

TTx : {A^A°'')^X ^ X 

is defined by 

TTxiu ® x) = u ■ X = ai ■ X ■ a2 {u = ai ® a2 E A A°^, x G X) . 
Therefore we can define 

Cx : "BiY, {{A § A^n^Xy ) ^ ^{Y, X*):^^Cxo <t>- 
Ti\ : ?B(r, X*) ^ 23(r, {{A ® A"^)®Xy) ■.^^n*xO^; 



and one can see that (x ° 'n'x = ^<b{y,x*)- Thus the A ® i3-bimodule (X®y)* 
?B(F,X*) is a retract of 

<B(y, ((^ § ^°p)§x)*) ^ § ^°p)§x, r*). 

We can consider F as a fiat right Banach B"^ ® i3-module with multiplication 

y ■ {hi®h2) = hi - y ■ b2. 



By Proposition I4.3[ since F is a right essential Banach B"^ ® ^B-module and Y* is 
injective in B°^ ® -B-mod, there is a morphism in B°^ i3-mod 

Cy : (Y^iB^P By* Y* 

such that ° TTy = ly*. Here the canonical morphism 

Try : Y^{B°P^B) ^Y 

is defined by 

-nyiy ® u) = y ■ u = hi ■ y ■ h2 {u = hi®h2eB°^®B,yeY). 
Thus we can define 

Cy : 23((^ § ^"p)®x, § ^ <B((^ g ^°^')§x, r*) : Cy o 0; 

TT*, : ^{{A ® A"'P)®X, Y*) ^{{A § A°'P)®X, {Y%{B°P % By*) -.^^ttI-o^; 
and Cy o vTy = l*B((y4§^op)§x,y*)- Therefore (X(8)F)* is a retract of 

^{{A g ^°^)®X, g ^ ®((^ § i3) g § By g (X g F), C). 
One can check that 

Cx§y = ° Cx o i2^ o Cy o : ((^ g i3) g g By^ g (X g F))* (X g F)* 

is a morphism in (g) i3) (g) C?) i3)°^-mod, that 

TT^gy = is o vr"*. o 22 o tT^ o : (X g F)* ^ {{A ®B)®{A® ByP g (X g F))*, 
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and Cx§y ° ~ ^(xgy)*- By Proposition 14.31 (X®F)* is injective in B- 

mod-^ § B and thus X§)Y is flat in ^ § i3-mod-^ § □ 

Proposition 4.6. Le^ and ^2 be Banach algebras. Let X ^— !— X he a 

pseudo-resolution of X in ^i-essmod-^i such that all modules in X are flat in Ai- 
mod-^i and Q *—Y y he a pseudo-resolution ofY in ^2-essmod-^2 such that 
all modules in y are flat in A2-va.od-A2- Then ^ X^Y ^.^—^ X^y is a pseudo- 
resolution of X®Y in ^i(S>^2-essmod-^i(8'^2 such that all modules in X®y are 
flat in ^i(8)^2-mod-^i(g)^2- 

Proof. By Definition 12.11 for any n > 0, tlie Banach Ai ® ^2-biniodule 

{x®y)n= X„,®Y,. 

m+q=n 

By Proposition 1131 {X%y)n is fiat in ^i§^2-niod-^i§^2 for all n > 0. 

By assumption the complexes <— X X and ^ F 3^ are weakly admis- 
sible. By Proposition 13. 3[ the complex X®Y X®y is weakly admissible 
too. □ 

By Theorem III. 4. 9], for a Banach algebra A and a Banach ^-bimodule X, 

W{A,X) = Ext;^e(A,X). 

For a Banach algebra with a bounded approximate identity and for dual bimodules, 
we may avoid adjoining identity to the algebra. 

Proposition 4.7. [20l Proposition 3.12] Let A he a Banach algehra with a hounded 
approximate identity and let X he an essential Banach A-himodule. Then, for all 
n>0, 

n''{A,X*) = Ext'X4A,X*). 

Theorem 4.8. Let A he a Banach algehra with hounded approximate identity. For 
each integer n > the following properties of a Banach algehra A are equivalent: 

(i) dbujA < n; 

(ii) H"+i(^,X*) = {0} for all X G Xessmod-^; 

(iii) H'^iA, X*) = {0} for all m > n + 1 and for all X G ^-essmod-^; 

(iv) T-Cn+i{A, X) = {0} and TCn{A,X) is a H aus dor ff space for all 
X G ^-essmod-^; 

(v) 2/ {]^ A^ ■■■Pn-it^Y (0 ^ ^ ^ P) 

is a pseudo-resolution of A in which all the modules Pi are flat in ^-essmod-^, then 
Y is also flat in ^-essmod-^. 

(vi) the A-himodule A has a flat pseudo-resolution of length n in the category of 
^-essmod-^. 

Proof. By definition, (i) ^ (ii). By Proposition 14. ![ for a Banach algebra A with a 
bounded approximate identity and for any Banach ^-bimodule Z, 

rr{A, Z*) = l-r{A, (AZA)*) for all n>l. 
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Thus (ii) =^ (i) and therefore (ii) <^==^ (i). 

By [TB| Corollary 1.3 and l.a Reduction of dimension], (ii) <^=^ (iii) and (ii) 
^ (iv). 

(vi) =^ (ii) By Proposition 14.71 for a Banach algebra A with a bounded approxi- 
mate identity, for an essential X Banach ^-bimodule and for all n > 0, 

By dH VII. 1.19], Ext^e(^,X*) is the cohomology of the complex hj^e{V,X*) where 
(0 ^ ^ <— P) is a pseudo-resolution of A in ^-mod-^. The rest is clear. 

(ii) ^ (v) By assumption, the complex (0 <— ^ <— P) is weakly admissible, that 
is, the dual complex 

— > A* ^Pi^p^ — > ■■■ p*_^ ^ r* — , 

splits as a complex of Banach spaces. Therefore there are the following admissible 
short exact sequences: 

— >A*^P;^ Im 0* — > 0, 

Im = Ker 0* ^ P,* ^ Im 0* 0, 
/c = 1, 2, . . . , n — 2, and 

Im <Pl_, = Ker ^ P:_, ^ ^ 0, 

where ik, k = 1, . . . ,n — 1, are natural inclusions. Thus, by Theorem III. 4. 4], 
for every X G ^-essmod-^, there are long exact sequences of Ext^e(X, ■) associated 
with these admissible short exact sequences. By assumption, all the modules Pi are 
flat in ^-essmod-.4 and therefore 

Ext'X.{X,P:) = {0} 

for all n > 1 and all X G ^-essmod-^. Hence, for every X G ^-essmod-^, 

Ext\.{X, Y*) = Ext%iX, Im C^^) = Ext%{X, Im Cg) = . . . 

^ ExtXX,Im 0*) = Exe^\X,A*). 
By [H Proposition III.4.13], 

Ext''/J{X,A*) = ExC/J{A,X*) 

and, by Proposition 14. 7[ for the Banach algebra with bounded approximate identity, 

Exej\A,x*) = n''-^\A,x*). 

Therefore Y* is injective and hence Y is flat in ^-essmod-^. 

It is obvious that (v) =^ (vi). □ 

Remark 4.9. To get the full picture for an arbitrary Banach algebra A, one can 
see also [27i Theorem 1] on equivalent conditions to dbu^A < n for an integer n > 0. 
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Remark 4.10. It is clear that for Banach algebras with bounded approximate iden- 
tities A andB, by Theorem \4.^ and Proposition \4 . 6\ dbw{A®B) < db^A + db^B. To 
get the equality here we need the following lemma of Yu. Selivanov and extensions 
of his Propositions 4-6.2 and 4-6.5 [28j to the case of Banach algebras with bounded 
approximate identities. 

Recall that a continuous linear operator T : X ^ Y between Banach spaces X 
and Y is topologically injective if it is injective and its image is closed, that is, 
T : X — >^ Im T is a topological isomorphism. 

Lemma 4.11. [TP., Lemma 1] Let Eq,E,Fq and F be Banach spaces, and let S : 
Eq ^ E and T : Fq ^ F be continuous linear operators. Suppose S and T are not 
topologically injective. Then the continuous linear operator 

defined by 

A{x O y) = (x (g) T{y), S{x) y) {x E Eq, y E Fq). 
is not topologically injective. 

Proposition 4.12. Let A be a Banach algebra with bounded approximate identity 
and let 

(4.2) 0^ Po^ Pi^ ■■■Pn-it^ Pn^O (O^A^V) 

be a flat pseudo-resolution of A in ^-essmod-^. Then db^A < n if and only if, for 
every X in ^-essmod-^, the operator 

<pn-l ®A-A Ix : Pn ®A-A X Pn-1 ®A-A X 

is topologically injective. 

Proof. By Theorem IT8l dbu,A < if and only if H'^{A, X*) = {0} for every X in A- 
essmod-v4. By Proposition 14. 7[ for a Banach algebra A with a bounded approximate 
identity, for an essential X Banach ^-bimodule and for all > 0, 

By assumption, ^ is a Banach algebra with bounded approximate identity. Thus, 
by Proposition I4.4( ii) and [14, Theorem VII. 1.14], <— ^ {V, 4>) is a flat pseudo- 
resolution of A in A-mod-A. By [14, Exercise VII.1.19], Ext^e(>l,X*) is the co- 
homology of the complex j^^hyi^{V,X*). Therefore, up to topological isomorphism, 
Ext^e(^, X*) is the n-th cohomology of the complex ^/i^('P,X*) : 



(4.3) — AhAiPo,X*) ^ > AhA{Pn-uX*) ^/i^(P„,X*) ^ 0, 

where /i(0„_i) is the operator defined by h{(l)n~i){j]) = V ° 4>n-i for 

T] E AhA{Pn-i,X*). Therefore W{A,X*) = {0} for every X in Aessmod-^ if and 

only if h{(f)n-i) is surjective for every X in ^-essmod-^. 
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By the conjugate associativity law [HI Theorem II. 5. 21], there is a natural iso- 
morphism of Banach spaces: 

AhA{v,x*) = (v^A^xy. 

It is clear that /i(0„_i) is the dual to (pn-i^A-A'^x- By [91, Corollary 8.6.15], /i(0„-i) 
is surjective if and only if (pn-i ®a-a is topologically injective. □ 

Proposition 4.13. Let A and B he Banach algebras with hounded approximate 
identities. Then 

dby^{A ®B)> m.ax{dbwA, db^B}. 

Proof. By assumption, A and B are Banach algebras with bounded approximate 
identities. Thus A^ B has a bounded approximate identity too [8]. By Proposi- 
tion |431^ii) and p31 Theorem VII. 1.14], for a Banach algebra V with a bounded 
approximate identity, X is flat in V-mod-V if and only if X is fiat in D-essmod-I^. 

Suppose that db^iA ® B) = n < go. By Theorem 14.81 the A ® i3-bimodule 
A® B has a fiat pseudo-resolution Q^A®B*— Voi length n in the category 
^®i3-essmod-^®i3. By [H Proposition VII.2.2], ^ <- "P is a fiat pseudo- 

resolution in the category ^-essmod-^. Therefore, for every essential Banach A- 
bimodule X, Ext;\t^(^ § i3, X*) = {0}. 

It is easy to see that A is isomorphic to ^ ® C in ^-mod-^. On the other hand 
^ ® C is a direct module summand oi A® B & ^-mod-^. Therefore, since Ext is 
additive, for every essential Banach ^-bimodule X, 

7e+\A,X*) = Y.^t%\A,X*) = {0}. 

Thus, by Theorem 14.81 dbyjA < n and dbw{A ®B)> db^A. As in the case of A one 
can show that db^^A ® B) > db^B. □ 

Theorem 4.14. Let A and B he Banach algebras with hounded approximate iden- 
tities. Then 

dbyj{A ®B) = dbyjA + dbyjB. 
Proof. By Theorem 14.81 and Proposition 14. 6[ 

dby,{A ®B) < db^A + db^B. 

Therefore, by Proposition 14.131 

max{(i6^^, db^B} < dbu,{A ® B) < db^^A + dbu,B. 

Hence, in the case db^iA [db^iB] is equal to or oo, ® B) = db^A + db^B. 

Suppose dbuiA = m and dbu,B = q where < m, g < oo. By Theorem 14.81 there is 
a fiat pseudo-resolution ^ ^ ^— {V, (p) of length m in the category ^-essmod-^. 
By Proposition 14.121 there exists X G ^-essmod-^ such that the operator 



0m-l ®A-A Ix : Pm ^A-A X P'm-l ®A-A X 
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is not topologically injective. Similarly, db^B = q implies that there is a flat pseudo- 
resolution <— B (Q, ip) of length q in the category ,B-essmod-i3 and there exist 
Y G ;B-essmod-;B such that the operator 

is not topologically injective. 

By Proposition iJl ^ A®B (POQ, 5) is a flat pseudo-resolution oi A®B 
in A®B-essm.o({-A®B of length m + q. Take Z = X ®Y in A®B-essmo(i-A®B. By 

Definition EH {V®Q)m+q = Pm® Qq, (P® Q)m+g-l = {Pm-l®Qq)®{Pm®Qq-l) 

and 

m+q m+q—l 

is defined by 

®y)= 0m-i(a;) ®y + x e P„„y E Qq. 

By Lemma [4.111 the operator 

A : (P™ X)®{Qq ®B-B y) 

{{Vm-l ^A-A X) g {Qg ®B-B y)) © {{Vm ®A-A X) ® {Qq-i ®B-B 

which is defined by 

A(m ®v) = lx){u) ®v + u® ((-l)'"^g_i lY)iv) 

is not topologically injective. Note that there are natural isometric isomorphisms of 
Banach spaces 

{V § Q)m+q ®A§>B-A%B Z ^ (^m ®A-A X) ® [Qq ®B-B 

and 

^ ^ «2 

X) g (Qg ®B-B y)) © ((^m ©^-^ X) ® §e-B ■ 

Thus one can see that the operator 

5m+q-l ®A^B-A^B '■ 
{V ® Q)m+q '®A§)B-A§)B Z ^ {V ® ®A^B-A^B ^ 

which is equal to the operator i^^ o A o is not topologically injective. Therefore, 
by Proposition \A.12\ db^{A ® B) = m + q. □ 

Theorem 4.15. Let A and B he biflat Banach algebras. Then 
(i) 

db^^{A ® = and dbyj{A+ ® B+) = db^A + db^B = 
if A and B have bounded approximate identities (b.a.i.); 

(ii) 

db^{A ®B)<1 and db^{A+ § B+) = db^A + db^B = 2 
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if A and B have left [right], but not two-sided b.a.i.; 

(iii) 

db^{A %B) <2 and db.^{A+ § B+) = db^A + db^B = 4 
if A and B have neither left nor right b.a.i. 

Proof. By pGf Theorem 6], for a biflat Banach algebra V, 

{0 ii V has a b.a.i., 
1 if D has a left or right, but not two-sided b.a.i., 
2 if "D has neither a left nor a right b.a.i. 

It is known that for any Banach algebra V, dbyJD = db^V^. Hence, by [28t Theorem 
4.6.8], for unital Banach algebras A-^ and 

dbw{A+ ® = dbwA+ + dbyjB+ = dbyjA + db^B. 

By [14, Proposition VII. 2. 6], a bifiat Banach algebra is essential. Hence, by Propo- 
sition the tensor product Banach algebra A® B \s biflat. Note that A®B has 
a [left] (right) bounded approximate identity if A and B have [left] (right) bounded 
approximate identities [8]. The rest is clear. □ 

Example 4.16. In [281 Theorem 5.3.2] Yu. Selivanov proved that the algebra ^{^2® 
£2) of compact operators on £2 ® £2 is a bifiat Banach algebra with a left, but not 
two-sided bounded approximate identity. Therefore, by Theorem \4 . 1 5[ for an integer 
n>l, 

ci6^ [/C(£2 §^2)]^" < 1 and c/6^[/C(^2 ® ^2)+]®" = n. 

Example 4.17. Let {E, F) be a pair of infinite- dimensional Banach spaces endowed 
with a nondegenerate jointly continuous bilinear form {■,■): E x F C that is not 
identically zero. The space A = E§)F is a (^-algebra with respect to the multiplica- 
tion defined by 

{xi <S) X2){yi ® y2) = {x2, yi)xi ® 1/2, Xi e E, yiE F. 

Then A = E®F is called the tensor algebra generated by the duality {E, F, (-, ■)). In 
[2HI Examples 2.1.13 and 2.1.14] Yu. V. Selivanov proved that A is biprojective, and, 
by [251 Theorem 2.6.21 and Corollary 2.6.24], has neither a left nor a right bounded 
approximate identity. 

In particular, if E is a Banach space with the approximation property, then the 
algebra A = E^E* is isomorphic to the algebra N'{E) of nuclear operators on E 
[II II.2.5]. 

Therefore, by Theorem \4.15[ for an integer n > 1, 

db^[E®Ff'' < 2 and db^[{E®F)+]®'' = 2n. 

Example 4.18. Let B be the algebra of 2 x 2-complex matrices of the form 

a b 
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with matrix multiplication and norm. It is known that B is 2-amenable, biprojective, 
has a left, but not right identity [23] • Therefore, by Theorem \4-15\ for an integer 
n>l, 

db^Bf'' = 1, and db^B+f'' = n; 
db^[B § /C(£2 § h)f'' = 1, and db^[B+ § /C(£2 § 4)+]^" = 2n. 

5. EXTERNAL PRODUCTS OF HOCHSCHILD COHOMOLOGY OF 
BANACH ALGEBRAS WITH BOUNDED APPROXIMATE 

IDENTITIES 

Theorem 5.1. Let A and B be Banach algebras with bounded approximate identities, 
let X be an essential Banach A-bimodule and let Y be an essential Banach B- 
bimodule. Then for n > , up to topological isomorphism, 

7e{A ®B,{X® Y)*) = H'^iiC^A, X) § C^B, Y))*). 

Proof. Consider the flat pseudo-resolutions ^ A ^ f3{A) and ^ B PiB) 
of A and B in the categories of bimodules. By Proposition U]6] their projective tensor 
product P{A)®(3{B) is an A^B-flat pseudo-resolution of A®B in A®B-mod-A®B. 

By [20l Proposition 3.7], since the Banach algebra A^ B has a bounded approx- 
imate identity, for n > 0, up to topological isomorphism. 

By [H Exercise VII.1.19], Exf^^^^^^iA g i3, (X g Y)*) is the cohomology of the 
complex {X ® Y)*), where O^A^B^J^isa flat pseudo-resolution 

of ^ g i3 in ^ g i3-mod-^ g B. Thus, Ext^^gg^, {A g i3, (X g Y)*) can be computed 

by use of the flat pseudo-resolution (3{A)'^(3{B). Hence 
Ext"^^jgy{A g i3, (X g Y)*) is the cohomology of the complex 

_^gg/;,_4gg(/?(^)®/3(i3), (X ® Y)*). By the conjugate associativity law [HI Theorem 
II. 5. 21], there is a natural isomorphism of Banach spaces: 

MBhA§Bi/3iA)®m,iX®Yy) = ((/3(^)g/3(i3))g(^g^).(Xgr))* 

= ((XgF)g(^g^).(/?(^)g/3(S)))*. 

By [Til Proposition II. 3. 12], one can see that the following chain complexes are 
topologically isomorphic: 

(Xgr)g(^ge)e(/5(^)g/3(S)) ^ (Xg^e/3(^))g(rgBe/?(S)) 

^ C^{A,X)^C^{B,Y). 

Thus, up to topological isomorphism, 

n'\A®B,{X®Yy) = /7"(((XgF)g(_4ge).(/5(^)g/3(i3)))*) 

= H^i{C^iA,X)^C^{B,Y)y). □ 
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Corollary 15.21 to Theorem 15.11 gives another proof of the Kiinneth formula for 
Hochschild cohomology groups of Banach algebras with bounded approximate iden- 
tities (see [121 Theorem 5.5]). 

Corollary 5.2. Let A and B he Banach algebras with hounded approximate iden- 
tities, let X he an essential Banach A-himodule and let Y he an essential Banach 
B-himodule. Suppose that all houndary maps of the standard homology complexes 
Cr^{A,X) and C^{B,Y) have closed range and, for all n, Bn{A,X) and T-Cn{A,X) 
are strictly fiat. Then, for n > 0, up to topological isomorphism, 

7r{A®B,{X®YY)= [n^{A,X)®'H,{BX)r- 

m+q=n 

Proof. By Theorem 15. Ij up to topological isomorphism, 

7r{A ®B,{X® YY) = H^{{C^{A, X) § C^B, Y))*). 
By [m Corollary 5.4], up to topological isomorphism, 

H^{CUA,X)^C4B,Y))= [HUC4^,X))0H^{C4B,Y))]. 

m+q=n 

Hence, by [HI Corollary 4.9], since the Hn{C^{A, X) ®C^{B, Y)) are Banach spaces, 
H^{{C4A,X)^C^{B,Y)y) = [H4C4A,X)^C^{B,Y))]*. 
Therefore 

n''{A®B,ix^Yy)= ^ [nuAx)^n,iB,Y)]*. □ 

m+q=n 

Remark 5.3. Under the conditions of Corollary \5.Sl l-T'^A ® B,{X ® Y)*) is a 
Banach space, and hy [HI Corollary 4.9], 7Y„(^ ® B, X ®Y) is a Banach space too. 

The closure in X of the linear span of elements of the form {a ■ x — x ■ a : a G 
A,x e X} is denoted by [X, A\. 

Theorem 5.4. Let A andB he Banach algehras with hounded approximate identities, 
let X he an essential Banach A-himodule and let Y he an essential Banach B- 
himodule. Suppose A is amenahle. Then, for n > 0, up to topological isomorphism, 

K'iA ®B,{X® YY) = K'^iB, (X/[X, A] § F)*), 

where h ■ {x ® y) = {x ®h ■ y) and {x ®y) - h = {x ®y ■ h) for x G X/[X, A\, y & Y 
and b E B. 

Proof. By assumption A is bifiat, so ^ ^ ^ ^ is a fiat pseudo-resolution of 
A in the category of ^-bimodules. As in Theorem 15.11 we consider the fiat pseudo- 
resolutions ^ ^ <— ^ ^ ^ and ^ B <^ I3{B) of A and B in the categories 
of bimodules. By Proposition 14. 6[ their projective tensor product A®(3{B) is an 
A ® S-fiat pseudo-resolution of A®B m. A® i3-mod-^ ® B. 
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Similar to Theorem 15.11 one can see that, up to topological isomorphism, 
7e{A®B,{X®Yy) = i7"(((XgF)g(^gg)e(^§/3(S)))*). 

One can check that, for an amenable Banach algebra A and for an essential 
module X, up to topological isomorphism, X®_A'^A = X/[X, A]; see [HI Proposition 
Vll.2.17]. Therefore, by [H[ Proposition II. 3. 12], one can see that the following chain 
complexes are topologically isomorphic: 

^ X/[X,A]^C^{13,Y). 

Thus, up to topological isomorphism, 

n"iA^B,{x^Yy) = ij"(((xgr)§(_4gg).(^g/3(s)))*) 

= H"iC4B,X/[X,A]§)Y)y) 

= 7^"(s,(x/[x,^]§rr), 

where h ■ {x ® y) = {x ®h ■ y) and {x ® y) ■ h = {x ® y ■ h) ioi x E X/[X, A\, y eY 
and h eB. □ 

Example 5.5. Let A be the Banach algebra L^(R+) of complex- valued, 
Lebesgue measurable functions / on R+ with finite L^-norm and convolution multi- 
plication. In [121 Theorem 4.6] we showed that all boundary maps of the standard 
homology complex C^{A,A) have closed ranges and that Tin^A^A) and Bn{A,A) 
are strictly flat in Ban. In [121 Theorem 6.4] we describe explicitly the simplicial ho- 
mology groups 7^„(Li(M^), Li(M^)) and cohomology groups 7^"(Li(M^), (^^(R^))*) 
of the semigroup algebra L^(R^). 

Corollary 5.6. Let C he an amenable Banach algebra. Then 

nn{L\m!\_) ® c, L\m!\_) ®c) = {o} if n>k- 

7e (l1(R+) ® C, (Li(R+) 0Cy^= {0} if n>k; 
up to topological isomorphism, 

HniL^ml) § C, L\R'l) § C) ^ 0^"^Li(M^) g (C/[C, C]) if n < k; 

and 

H"(Li(R^) §C, {L\Rl) § C)*) ^ 0^"^ [L\Ml) § {C/[C,C])Y 

if n <k. 

Proof. Let A = L^(R_|_). Note that A and C have bounded approximate identities. 
By [IHl Theorem 5.4], for an amenable Banach algebra C, T-Cn{C,C) = {0} for all 
n > 1, Ho{C,C) = C/[C,C]. Therefore all boundary maps of the standard homology 
complex C^{C,C) have closed ranges. 
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In [T2I Theorem 4.6] we showed that all boundary maps of the standard homology 
complex C^{A,A) have closed ranges and that Hn{A,A) and Bn{A,A) are strictly 
flat in Ban. By |T2l Theorem 4.6], up to topological isomorphism, the simplicial 
homology groups HniA^A) are given by HoiA^A) = Hi{A,A) = A = L^{R+) and 
nn{A,A) = {0} for n>2. 

Note that ^^(R^) §C^A^B where B = L^R'''^) § C. We use induction on k 
to prove the corollary for homology groups. For k = 1, the result follows from fTH 
Theorem 5.5]. The simplicial homology groups Hn{A ^C,A<^C) are given, up to 
topological isomorphism, by 

HoiA ®C,A^C) ^ni{A^C,A^C) ^ A® {C/[C, C]) 

and 

nniA0C,A0C) ^ {0} 

for n > 2. 

Let k > 1 and suppose that the result for homology holds for k ~1. As L^(]Ry (S) 
C^A^B where B = L^R^'^) § C, we have 

nniL\R^^)^C,L\Rl)^C)^nn{A^B,A§B). 

It also follows from the inductive hypothesis that, for all n, the T-Cn{B, B) are Banach 
spaces and hence the Bn{B, B) are closed. We can therefore apply [HI Theorem 5.5] 
for ^ and i3 = ^^(M^-^) g C, where C is an amenable Banach algebra, to get 

nn{A^B,A®B) = [nUA,A)®ng{B,B)]. 

m+q=n 

The terms in this direct sum vanish for m > 2, and thus we only need to consider 
{no{A,A)^nn{B,B)) © {ni{A,A)^nn-i{B,B)) . 
For cohomology groups, by fl2[ Corollary 4.9], 

7^"(Ll(R^) g c, (L^Rl) g cy) ^ T-c (c^ {l\rX) g c, l\rX) g c)*) 
^0(") [l\rX)®{c/[ca)V 

iin<k. □ 
Example 5.7. Some examples of C*-algebras without non-zero bounded traces 
are: 

(i) The C*-algebra K,{H) of compact operators on an infinite-dimensional Hilbert 
space if; see [H Theorem 2]. We can also show that C{Q, }C{H)y^ = 0, where Q is 
a compact space. 

(ii) Properly infinite von Neumann algebras U; see [T71 Example 4.6]. This class 
includes the C*-algebra B{H) of all bounded operators on an infinite-dimensional 
Hilbert space H; see also [I3] for the statement B{Hy^ = 0. 



24 



ZINAIDA A. LYKOVA 



Example 5.8. Let A = f{Z+) where 

£^(Z+) = |(aX=o:El«n|<ool 

I n=0 J 

be the unital semigroup Banach algebra of Z+ with convolution multiplication and 
norm ||(a„)J^Q|| = X^^ol*^"!- Theorem 7.4] we showed that all bound- 

ary maps of the standard homology complex Cr^{A,A) have closed ranges and that 
HniA, A) and Bn{A, A) are strictly flat in Ban. In [HI Theorem 7.5] we describe ex- 
phcitly the simplicial homology groups 7i„(£^(Z^), £^(Z^)) and cohomology groups 
WifiZl), (eiZ'l))*) of the semigroup algebra ^^(Z^). 

One can find definitions of the continuous cyclic TCC and periodic cyclic HV 
homology and cohomology groups of Banach algebras in [6] . 

Corollary 5.9. Let V be a Banach algebra belonging to one of the following classes: 

(i) T> = £^(Z^) ® C, where C is a C* -algebra without non-zero bounded traces; 

(ii) V = L^(R^) ®C, where C is a C* -algebra without non-zero bounded traces. 
Then HniV, V) ^ {0} and m{V, V) ^ {0} for all n > 0; 

nUniV) ^ mr{V) ^ {O} for all n > O, 
nCn{V) ^ nC"{V) ^ {O} for all n > 0, 

and 

nV^iV) ^ nV^ip) ^ {0} for m = O, l. 

Proof. Here we consider the case with A = L^(]R+) and prove the statement for 
V = Li(M^) §C. By P Theorem 4.1 and Corollary 3.3], for a C*-algebra C without 
non-zero bounded traces W{C,C*) = {0} for all n > 0. By [161 Corollary 1.3], 
Ti-niC, C) = {0} for all n > 0. Therefore all boundary maps of the standard homology 
complex Cr~.{C,C) have closed ranges. 

In Theorem 4.6] we showed that all boundary maps of the standard homology 
complex C^{A,A) have closed ranges and that TCn{A,A) and Bn{A,A) are strictly 
flat in Ban. By [121 Theorem 4.6], up to topological isomorphism, the simplicial 
homology groups HniA^A) are given by no{A,A) = Hi{A,A) = A = L^{R+) and 
nn{A,A) = {0} for n>2. 

Note that V = L\Rl) 0C^A0B where B = ^^(M^-^) g C. We use induction 
on k to prove the corollary for homology groups. For k = 1, note that A and C 
have bounded approximate identities. By Theorem 5.5], the simplicial homology 
groups Hn{A ®C,A®C) are given, up to topological isomorphism, by 

nn{A^c,A®c)^ [nuAA)®ng{c,c)] = {0} 

m+q=n 

for 77, > 0. 
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Let k > 1 and suppose that the result for homology holds for A; — 1. As L^(]R^) 
C = A^B where B = L^(M^-^) g C, we have 

nniL\R'l)^C,L\Rl)^C)^nniA^B,A§B). 

Note that A and B have bounded approximate identities. Further, it follows from 
the inductive hypothesis that Hn{B, B) = {0} for all n > and hence the Bn{B, B) 
are closed. We can therefore apply |12, Theorem 5.5] to get 

nn{A®B,A®B) = [nm{A,A)®nq{B,B)\={Q} 

m+q=n 

for all n > 0. 

For cohomology groups, by [161 Corollary 1.3], 

t-c{l\rX) g c, {l\rX) ® cy) ^ {0} 

for all n > 0. 

The triviality of the continuous cyclic TiC and periodic cyclic TiV homology and 
cohomology groups follows from flEl Corollory 4.7]. □ 
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